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Abstract: This paper describes the development of Finite Element (FE) models for the study of the 7 
behaviour of unreinforced and Basalt Fibre Reinforced Polymer (BFRP) externally reinforced masonry 8 
walls under the action of in-plane seismic loading. Validated against experimental tests, the FE 9 
models were used to accurately predict the shear strength and reflect damage progression in multi-10 
leaf masonry walls under in-plane cyclic loading, including the propagation of cracks beneath the 11 
BFRP reinforcement. The models have the potential to be used in practice to predict the behaviour 12 
and shear capacity of unreinforced and FRP-reinforced masonry walls.  13 
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1. Introduction 16 
In the past few decades, the use of fibre reinforced polymers (FRP) to strengthen masonry structures 17 
has become increasingly popular. Experimental studies have shown that FRP strengthening 18 
technology can enhance the shear resistance and seismic capacity of masonry structures [1-4]. Of 19 
the different types of FRP that have been used to strengthen existing structures, basalt fibre 20 
reinforced polymer (BFRP) has proved to be one of the most cost effective [4, 5].  21 
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The mechanical behaviour of masonry is much more complex than that of concrete and steel, largely 22 
because masonry consists of two distinct components, namely the masonry units and the mortar 23 
joints as shown in Fig.1 (a). As a result masonry structures are inhomogeneous containing many 24 
discontinuities. This partly explains why, in experimental studies, the results from the testing of two 25 
identically built masonry walls are not identical [6]. The degree of complexity is heightened further 26 
by the inherent variations in the materials and variations in workmanship. Further difficulties exist 27 
when testing masonry structures in the laboratory such as the accurate detection and monitoring of 28 
cracks and their propagation beneath and around external reinforcement. Computational modelling 29 
technology provides a valid and useful alternative to experimental studies. To date, numerical 30 
models have been developed based on different theories such as the Finite Element Method (FEM) 31 
[7-22] and the Distinct and Discrete Element Methods (DEM) [11, 23-25]. Of these, FEM-based 32 
models and software are the most popular and widely available. FEM modelling strategies can be 33 
broadly classified into three categories [22]: micro-scale, meso-scale and macro-scale modelling. 34 
   
(a) (b) (c) 
Figure 1.Modelling of masonry: (a) real masonry; (b) meso- scale modelling with interfaces; (c) meso- 35 
scale modelling with springs. 36 
Macro-scale modelling regards all the components of masonry as a single continuum in which solid 37 
elements or shell elements are widely adopted [7-12]. The constitutive material models are initially 38 
simplified to be homogeneous and isotropic and concrete damage plasticity and concrete smeared 39 
cracking are commonly used [10-12]. Some researchers have attempted to adapt the constitutive 40 
material models to represent the orthotropic feature of masonry. In the modelling by Dhanasekar 41 
and Haider [9], the material properties of head (perpend) and bed joints are considered separately. 42 
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Alternatively, with the use of homogenisation technology, a series of material models have been 43 
developed where the behaviour of masonry is expressed by macro or average stresses and strains. 44 
This concept was originally proposed by Lourenço in 2002 and was subsequently validated under 45 
various loading conditions [13-15]. Essentially, because of the reduced computational cost and 46 
material parameters, macro-scale modelling is suitable for large-scale structural analysis. However, 47 
macro modelling does not always simulate some important mechanical behaviour of the interfaces 48 
between the masonry units and the mortar and it fails to capture the cracking pattern in mortar 49 
directly. 50 
Unlike macro-scale modelling, the masonry units, mortar joints and the unit-mortar interfaces are 51 
considered separately in micro-scale modelling. In this case, the masonry units and mortar are 52 
modelled with real thickness and are assigned corresponding material properties, while zero 53 
thickness unit-mortar interfaces are sandwiched between the masonry units and the mortar. With 54 
the assumption that the interface is a mixture of units and mortar, Rekik and Lebon [16] used an 55 
homogenisation approach to obtain the mechanical properties of the unit-mortar interface. 56 
Although this approach seems to be straightforward, the large number of elements used in the 57 
analysis requires the use of extensive computational resources. Also, the material properties of the 58 
unit-mortar interfaces are difficult to measure experimentally which creates difficulties when 59 
validating the complete model. Therefore, with micro-scale models it is often assumed that the 60 
masonry units and/or the mortar joints remain elastic, which tends to mean that the modelling 61 
strategy can only be used for small masonry specimens such as masonry shear triplets [12, 16]. 62 
Meso-scale models are routinely termed simplified micro-scale models. Similar to micro-scale 63 
models, they can provide an insight into damage evolution in masonry. However, without the 64 
masonry unit-mortar interface, the distinction between failure occurring at the unit-mortar interface 65 
and within the mortar will be lost. Meso-scale modelling only allows cracks to initiate in the mortar 66 
joints and to propagate along the well-defined pattern of lines. This modelling method is based on 67 
4 
 
observations from the experimental testing of masonry [26] and has been proved to be effective for 68 
modelling some large elements of masonry construction [17, 18]. 69 
Meso-scale models can be divided into two groups; those that take into account de-bonding or slip 70 
failures that occur between the masonry units and the mortar joints and those that do not. The 71 
former can be achieved by coupling the coordination of nodes in the units and mortar joints in all 72 
degrees [19], while the latter models normally use contact or some special-purpose elements 73 
(interface elements, springs, etc.) to replace the mortar [17, 18, 20-22]. In the case of interface 74 
elements or contacts, the masonry units are expanded in size by a half mortar joint thickness to 75 
create a new component while the mortar joints are simplified as zero-thickness interface elements 76 
or contacts (Fig1(b)). Alternatively, as shown in Fig.1(c), the masonry units are assigned their real 77 
geometry and the distance between them represents the thickness of the mortar joints in real 78 
construction [20]. It is also common to simulate the units using deformable solid elements when 79 
interface elements or contacts are applied, while springs are used in conjunction with rigid elements 80 
for bricks. Hence, it is evident that not all meso-scale models are the same.   81 
ABAQUS finite element software provides several kinds of interface elements including cohesive 82 
elements which are used widely to simulate de-bonding or sliding [27]. Cohesive elements can be 83 
classified as element-based cohesive elements and surface-based cohesive elements, both of which 84 
can reproduce the behaviour of mortar joints. In Ref. [22], element-based cohesive elements are 85 
assigned with a user-defined constitutive model to represent the cyclic behaviour of mortar; the 86 
unreinforced masonry models are validated under monotonic and cyclic loadings. The model in Ref. 87 
[21] is set up with surface-based cohesive elements, but is only validated under monotonic loading. 88 
Similar to a contact model, the material properties of surface-based cohesive elements are specified 89 
as interaction features and the status of closure or opening between elements is checked at the 90 
beginning of each step in the applied load. As a result, models using surface-based cohesive 91 
elements tend to have a high risk of convergence problems and require larger computational 92 
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resources, especially under cyclic load simulations. For these reasons, the element-based cohesive 93 
element is used for the modelling of masonry subjected to both monotonic and cyclic loading 94 
described in this paper.  95 
Although 2-D models are widely adopted for single leaf masonry wall construction [11, 16, 28, 29],  96 
3-D models using non-linear analysis are preferred for masonry with more complex arrangements of 97 
masonry units. Until relatively recently, a great deal of research effort has been devoted to the study 98 
of single-leaf masonry, whereas numerical studies of the behaviour of multi-leaf walls and other 99 
more complex forms of construction is less common. More complex forms of masonry are usually 100 
analysed using either FEM or a 3-D FE kinematic limit analysis. The model proposed by Burnett et al  101 
[17] is applied to masonry walls using contact in LS-DYNA. In Ref. [20] using non-linear spring 102 
elements to represent mortar joints, meso-scale models of masonry walls are used in ABAQUS. In 103 
the model developed by Macorini and Izzuddin [30], novel 2-D interface elements and 3-D solid 104 
elements are used to account for different masonry unit arrangements. These models, validated 105 
under monotonic loading, permit the study of masonry walls with complex geometry and unit 106 
bonding patterns. However, due to the high computational demand and a lack of a suitable 107 
representative constitutive material model for unloading and reloading, few models of this type 108 
have been validated under cyclic load conditions. 109 
In this paper, a meso-scale masonry model is developed in ABAQUS with element-based cohesive 110 
element to simulate both unreinforced and FRP-strengthened masonry walls subjected to 111 
monotonic and cyclic loading. In Section 2, the unreinforced and FRP-reinforced numerical models 112 
with cohesive elements are described and the material constitutive model for cohesive elements is 113 
explained. The laboratory testing of full-scale unreinforced walls and walls with externally bonded 114 
BFRP reinforcement under cyclic loading is described in Section 3. Section 4 describes convergence 115 
studies, the model validation and then the monotonic and cyclic load simulations. The results from 116 
the computational model are discussed and compared with the experimental results and the 117 
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guidance provided in the Chinese and European codes for masonry [39, 46]. The principal 118 
conclusions from the research are presented in Section 5. 119 
2. Description of the finite element model 120 
2.1 Finite element model for unreinforced masonry 121 
In the unreinforced masonry model, the bricks and mortar are simulated by two elements: solid 122 
elements for grouヮゲ ﾗヴ さHﾉﾗIﾆゲざ ﾗa masonry units and element-based cohesive elements with zero 123 
thickness for the mortar, as shown in Fig.1 (b). The element-based cohesive elements are, hereafter, 124 
referred to for convenience as cohesive elements. ABAQUS provides three methods to create 125 
cohesive elements. Of these, the authors selected the share node method as it is relatively simple to 126 
implement. It should be noted that this method requires the use of cohesive elements with the 127 
same mesh density as their surrounding elements. The process to build a multi-leaf masonry model 128 
is listed as follows: 129 
(1) Create a part of the structure to be modelled with the same geometry as its prototype, in this 130 
case an area of multi-leaf masonry construction. 131 
(2) Mesh the part referred to above and transfer it to be an orphan part taking care to ensure that 132 
the layout of the mortar joints should be representative of the full structure as the subsequently 133 
created cohesive elements are based on the initial mesh.  134 
(3) Insert the cohesive elements into the region of mortar joints. Take a multi-leaf masonry block 135 
where each masonry unit is meshed, for example the blocks shown in Figure 2(a) which are 4 bricks 136 
long x 2 bricks wide x 1 brick high. The brick bonding pattern shown is typical of that used in China 137 
for multi-leaf brick masonry walls. Each brick is 250mm x 125mm x 63mm in size laid in 10mm thick 138 
mortar joints. The thickness of the cohesive elements, exaggerated in Fig.2 for clarity, is zero. The 139 
points of intersection of the cohesive elements along different directions were treated as voids 140 
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(triangular and rectangular voids in Fig.2 (c) and triangular and quadrangular prisms in Fig.2 (b)), to 141 
permit co-ordination of the deformation between the cohesive elements and the adjacent solid 142 
elements. As the thickness of the cohesive elements is zero, the voids are infinitely small and would, 143 
therefore, not have a significant effect on the stiffness of the cohesive elements. It is recommended 144 
that the cohesive elements in the xoz plane and the xoy plane be generated in sequence. The others 145 
can then be created in the yoz plane, as shown in Fig.2 (b). Alternatively, a subroutine compiled in 146 
Matlab can be adopted to generate cohesive elements in all directions at once, as described in Ref. 147 
[31].  148 
  
ふ;ぶ  ふHぶ  
 
 
ふIぶ  ふSぶ 
Figure 2. Meso-scale modelling of multi-leaf masonry: (a) multi-leaf masonry sample; (b) mortar 149 
joints; (c) side elevation of multi-leaf masonry sample; (d) legend. Note the FE mesh is depicted by 150 
dashed lines. 151 
2.2 FRP-reinforced finite element model 152 
The FRP-reinforced masonry model is based on the unreinforced masonry model described in 153 
section 2.1. Considering the thickness of FRP is typically around 0.15-0.3 mm, FRP strips are 154 
simulated by shell elements. Assuming that there is full bond (or adhesion) between the surface of 155 
 ｴW;S ふヮWヴヮWﾐSぶ ﾃﾗｷﾐデ ふǇŽǌ ヮﾉ;ﾐWぶ 
 ｴW;S ふヮWヴヮWﾐSぶ ﾃﾗｷﾐデ ふǆŽǇ ヮﾉ;ﾐWぶ 
    HWS ﾃﾗｷﾐデ ふǆŽǌ ヮﾉ;ﾐWぶ 






the masonry and the FRP, the FRP strips in the model are considered to be tied directly to the 156 
masonry. 157 
2.3 Constitutive models 158 
2.3.1 Constitutive behaviour of mortar joints 159 
Cohesive elements in ABAQUS were developed originally with the aim of modelling adhesives, 160 
bonded interfaces, gaskets and rock fracture [32]. Constitutive material models described in 161 
ABAQUS are based on a continuum description for adhesives, a traction-separation description for 162 
the bonded interfaces, or a uniaxial stress state which is appropriate for modelling gaskets or 163 
laterally unconstrained adhesive patches. For different modelling purposes, cohesive elements are 164 
assigned with corresponding material constitutive laws. For instance, when the cohesive element 165 
represents an adhesive material with a finite thickness, the use of continuum macroscopic 166 
properties (such as the modulus of elasticity) is recommended. To reproduce tensile/shear fracture 167 
in mortar joints, the behaviour of the zero-thickness cohesive elements is expressed by the 168 
relationship of traction versus separation. The traction-separation law is commonly used to simulate 169 
sliding or delamination at the interface and can reflect the damage progression of the cohesive 170 
element under cyclic loading.  171 
The nominal traction stress vector (建) consists of three components: the normal stress vector (建津) 172 
and shear stress vector along s- and t- directions (建鎚 and 建痛), representing normal traction and two 173 
shear tractions, respectively. Normal traction is assessed with different rules for tension and 174 
compression vectors. With the assumption that the cohesive element is free from damage under 175 
pure compression, the compressive traction is assumed to remain elastic throughout the numerical 176 
analysis, while the tensile traction, the same as other two shear tractions, is initially defined with 177 
linear elastic behaviour, followed by damage evolution behaviour after damage initiation. For 178 
clarification purposes it is useful to think of the zero-thickness cohesive element as being composed 179 
of two faces, namely the top face and the bottom face. The relative motion of those faces represents 180 
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the opening or closing of the cohesive element along the thickness direction, expressed by the 181 
spatial displacement of cohesive element (絞津, 絞鎚 and 絞痛). The effective displacement 絞陳 can be 182 
defined by [32]: 183 
絞陳 噺 謬極絞津玉態 髪 絞鎚態 髪 絞痛態 ふヲ-ヱぶ 
where 極 玉 is the Macaulay bracket, which is defined as below: 184 
極捲玉 噺 峽伐捲┸ 捲 隼 ど捲┸ 捲 半 ど ふヲ-ヲぶ 
It is also necessary to specify the constitutive thickness. It is not appropriate to define an actual 185 
thickness of the cohesive element as the constitutive thickness as the use of an infinitesimally small 186 
value causes the stiffness per unit length to be infinity. In this paper, the constitutive thickness is set 187 
as 1.0 in order to keep the nominal strains equal to the corresponding separations. 188 
The traction-separation law involves three criteria in ABAQUS: linear elastic behaviour, a damage 189 
initiation criterion and a damage evolution law. Prior to damage initiation, the traction-separation 190 
model assumes initially linear elastic behaviour, expressed by equation (2-3) [32]. As coupled 191 
behaviour is not considered in this paper, the off-diagonal terms in the elasticity matrix, t, are set to 192 
zero. 193 
建 噺 班建津建鎚建痛 藩 噺 煩計津津 計津鎚 計津痛計津鎚 計鎚鎚 計鎚痛計津痛 計鎚痛 計痛痛 晩 班綱津綱鎚綱痛 藩 噺 計綱 (2-3) 
The stiffness, K, can be regard as a penalty parameter. Basically, this penalty stiffness should be large 194 
enough to avoid penetrations of the adjacent surrounding elements under compression. However, a 195 
very large stiffness may result in the ill-conditioning of the elements. It is recommended that the 196 
penalty stiffness be calibrated by comparing experiments with simulations [31, 33] or it should be 197 
estimated using empirical formulae [34]. The influence of the penalty stiffness on the simulation 198 
results is discussed in Section 4.1. 199 
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Once the stress and/or strains of a material point satisfy the specified damage initiation criteria, 200 
degradation is triggered and the subsequent behaviour of the material will be determined by the 201 
damage evolution law. The quadratic nominal stress criterion in ABAQUS is adopted as the damage 202 
initiation criteria in this paper, while the evolution law is expressed by fracture energy with linear 203 
softening. The scalar damage variable, D, is introduced to represent damage progression. D evolves 204 
from 0 at damage initiation and monotonically increases up to 経陳銚掴 (判1), where the elements are 205 
considered to be fully damaged. Thus, with proper damage initiation criteria, cohesive elements can 206 
be used to reproduce crack initiation and progression in the mortar joints in a masonry assemblage. 207 
Even after D reaches  経陳銚掴 it is important to retain the cohesive elements in the model otherwise 208 
ABAQUS will delete the fully damaged elements by default and they will no longer be available to 209 
resist any subsequent penetration of the surrounding elements.  210 
2.3.2 Constitutive behaviour of units and FRP 211 
The concrete damage plasticity (CDP) model is selected to simulate the non-linear behaviour of the 212 
masonry blocks. This approach can be used to effectively model two typical failure mechanisms, 213 
namely tensile fracture and compressive crushing, and also to capture the degradation of the 214 
material in cyclic load simulations. The compressive and tensile stress-strain relationships are 215 
formulated by equations (2-4) and (2-5). These formulations were originally used for masonry and, in 216 
the model described in this paper, are applied for the blocks [21] which are composed of masonry 217 
units and mortar joints (as explained in Section 1). The compression constitutive model is deduced 218 
from the compression testing of a large number of masonry assemblages [35], while the tensile 219 
stress-strain relationship is modified from the design code for concrete and has been verified to be 220 
suitable for masonry [36].  221 




衿緊 購血痛陳 噺 磐 綱綱痛陳卑                                                 綱 綱痛陳斑 判 な購血痛陳 噺 嵜 綱 綱痛陳斑に盤綱 綱痛陳斑 伐 な匪怠┻胎 髪 綱 綱痛陳斑 崟          綱 綱痛陳斑 伴 な            (2-5) 
Where 血頂陳 and 血痛陳 represent the compressive and tensile strength of masonry respectively, 綱頂陳 and 222 綱痛陳are the corresponding strains. The compressive factor, h, is set as 1.633 by default. Damage 223 
parameters (穴痛, 穴頂) are calculated from eq. (2-6) which is based on the Energy Equivalence Principle 224 
[37]. This equation assumes that the residual elastic energy caused by stress in the damaged 225 
material can be evaluated using the same relationship used for the undamaged material. 226 
穴 噺 な 伐 紐購 継待綱エ  (ヲ-ヶぶ 
where 継待 is the initial stiffness. 227 
In the property modulus of ABAQUS, the viscosity parameter is set as 0.001, and the other plasticity 228 
factor is set by default. The FRP is assumed to be orthotropic and is characterised by the behaviour 229 
of lamina which are assumed to remain elastic. Fracture and delamination failure of the FRP are not 230 
considered in this paper.  231 
3. Description of cyclic tests of masonry walls 232 
Cyclic load-testing of full-scale brick masonry wall panels reinforced with surface-mounted BFRP 233 
strips was carried out in the laboratory at Wuhan University to study the seismic responses of BFRP-234 
reinforced masonry. With identical geometry and materials, the referred specimens are divided into 235 
two groups: Group-A with W1 and BW1-1, and Group-B with W2 and BW2-1. The details and 236 
configuration of specimens are illustrated in Table 1 and Fig.3. As shown in Fig.3, each specimen 237 
consists of three parts: multi-leaf masonry wall, cap beam and base beam. The brick arrangement of 238 
the multi-leaf masonry wall is commonly used in China. All the multi-leaf masonry walls were 239 
constructed by brick (also called as けfired common brickげ in China) with typical size of 240 mm抜115 240 
mm抜53 mm (L抜B抜H) and 10mm thickness cement mortar. Both cap beam and base beam are made 241 
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of concrete and installed together with multi-leaf masonry part by using epoxy mortar. The epoxy 242 
mortar used has extremely high bond strength so that the horizontal loadings applied on beams 243 
would be transferred to masonry parts effectively. Material properties of masonry unit and mortar 244 
are measured from the material property tests, as listed in Table 1.  245 
The unidirectional basalt fibres were adopted for reinforcement, and the reinforcement schemes are 246 
shown in Fig.3. The BFRP with the width of 300 mm for BW1-1 and 200 mm for BW2-1 was installed 247 
on both side of the wall with cross layout. The horizontally and vertically BFRP strips are attached for 248 
BW1-1 and BW2-1, respectively. The material properties of BFRP were measured according to the 249 
GB/T3354-1999 [38]: density=330 g/m2; tensile strength=1350 MPa; elastic modulus=96 GPa; 250 
ultimate tensile strain=2.6 %. 251 
T;HﾉW ヱ DWデ;ｷﾉゲ ﾗa デｴW デWゲデ ゲヮWIｷﾏWﾐゲ 252 
Specimen Dimension (mm) 継陳  (MPa) 血頂陳 (MPa) 血長┸頂  (MPa) 血陳┸頂  (MPa) 
Group-A 
W1 1500抜1000抜240 1807 2.46 11.53 5.38 
BW1-1 1500抜1000抜240 1807 2.46 11.53 5.38 
Group-B 
W2 1100抜1000抜240 2400 2.56 11.53 6.23 
BW2-1 1100抜1000抜240 2400 2.56 11.53 6.23 
Note: 継陳 is the modulus of elasticity of masonry; 血頂陳, 血長┸頂 and 血陳┸頂 are the average compressive strength of masonry, brick 253 












Figure 4. Test procedure: (a) test setup; (b) loading scheme 256 
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The test setup is shown in Fig.4 (a). The base beam was constrained by four screws in vertical 257 
direction and two jacks in lateral direction. In order to keep compressive loadings uniform and 258 
vertical, steel rollers were placed between cap beam and transfer beam with equal distances. In 259 
addition, rollers were cleaned and polished to eliminate the influence of friction. All specimens were 260 
then subjected to a combination of compressive and cyclic lateral loading up to failure. Before the 261 
application of the lateral loadings, compressive loadings (namely pre-compression) were firstly 262 
applied with value of 0.72 MPa for Group A (W1 and BW1-1) and 1.20 MPa for Group B (W2 and 263 
BW2-1), and maintained constantly towards the end of the test. During the test, the cyclic lateral 264 
loadings were controlled by force initially and by displacement after cracking occurred. The 265 
displacement at cracking initiation is set as ッ達嘆, and the identical lateral loading scheme for the in-266 
plane cyclic tests is depicted in Fig.4 (b). The test was stopped when the lateral bearing capacity of 267 
the specimen declined to 15% of its peak strength, or the specimen was severely damaged and not 268 
capable of standing any further load. 269 
4. Validation of the FEM model 270 
In this section, the developed numerical models are validated by the aforementioned masonry 271 
specimens. Firstly, the influences of numerical parameters, including mesh density and penalty 272 
stiffness of cohesive elements, are investigated in Section 4.1, where cyclic and monotonic loading 273 
cases are discussed. The unreinforced models (M1 and M2) are constructed with the same geometry, 274 
brick arrangement and material properties as the specimens W1 and W2, respectively. Those two 275 
models are subjected to monotonic and cyclic loadings in Section 4.2 to assess the shear capacity 276 
and aseismic performance of the unreinforced/reinforced masonry walls. Furthermore, according to 277 
the BFRP-reinforced specimens (BW1-1 and BW2-1), the BFRP-reinforced models (BM1-1 and BM2-278 
1) are assembled and implemented under monotonic and cyclic loadings in Section 4.2. Similar to 279 
Group-A and Group-B, M1 and BM1-1 are grouped as Group-MA, while M2 and BM2-1 are classified 280 
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as Group-MB. According to the studies in Section 4.1, for Group-MA and Group-MB, each unit are 281 
meshed by 4×2×2 (L×B×H); the value of penalty stiffness is set as 5×105 N/mm3. 282 
All the numerical models are simplified into two parts: masonry wall and concrete cap beam. The 283 
bottom faces of masonry walls are fixed, while vertical and horizontal loads are applied on concrete 284 
cap beam. The compressive pressures of 0.72 MPa and 1.2 MPa, used in cyclic tests, are applied to 285 
Group-MA and Group-MB respectively. By referring to the loading process used in the cyclic tests, 286 
the compression is firstly loaded which keeps constant in the subsequent simulation, and then the 287 
horizontal displacements are introduced on one side of the cap beam. In every numerical model, the 288 
horizontal loading mode is the only numerical parameter modified in the monotonic and cyclic 289 
simulation. For the monotonic validation, the maximum displacements recorded in tests are loaded 290 
for the corresponding numerical models. The tests in Section 3 are mainly focused on the cyclic 291 
behaviour of FRP-reinforced and unreinforced masonry walls, the monotonic behaviour of masonry 292 
models was verified against existing research achievements as discussed later in Section 4.2.1, e.g. 293 
the crack patterns agreed well with those reported in [3] and the shear strength of masonry 294 
wall agreed with the calculated value using the Chinese Code [39], which has been verified 295 
practically to calculate masonry shear strength in [47]. To verify the numerical models under 296 
cyclic loadings, the cyclic loading protocols recorded during tests are applied in the corresponding 297 
numerical models. In order to save computational resources, the displacement-time loops are only 298 
loaded once, rather than twice in tests. This is based on the assumption that the cyclic degradation 299 
at the same lateral displacement is minimum, which is validated by the comparison of hysteresis 300 
loops from experimental tests and ABAQUS modelling. The cyclic loading protocols for the 301 




Figure 5. Cyclic displacement applied on the numerical models. 304 
The numerical models under cyclic loadings are validated with the cyclic experimental results, while 305 
the modelling results for monotonic loading cases are verified by the related cases in codes 306 
(GB50003-2001 [39] and GB50608-2010[40]). It is important to mention that testing procedure plays 307 
an significant role on the behaviour of masonry structures [41]. For example, the shear resistance of 308 
masonry walls under cyclic loadings is about 10% lower than the one under monotonic loadings [42]. 309 
Therefore, in terms of monotonic validation, the calculations based on codes are more applicable 310 
than the skeleton curves obtained in cyclic tests. 311 
Under the assumption that the cap beam does not undergo any damage, it is assigned with an elastic 312 
behaviour. The material parameters for masonry units and mortar joints are listed in Table 1 and 313 
Table 2. Note that it is hard to obtain the fracture energies of mortar joints in traditional property 314 
tests, and different values of fracture energies are used in references (for example, ref. [1], ref. [16] 315 
and ref. [19]). Therefore, with reference to those reported values the fracture energies in Table 2 316 
were determined by comparing the results of failure strength between standard compressive/shear 317 
test specimens and the corresponding numerical models. Mortar joints herein are assumed to be 318 
isotropic in the first and second shear directions. Basalt Fibre was measured as 0.1 mm thickness, 319 
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and after grouted with resin it was combined to become FRP with 0.2 mm thickness. The FRP 320 
material parameters are listed in Table 3. 321 
T;HﾉW ヲ M;デWヴｷ;ﾉ ヮ;ヴ;ﾏWデWヴゲ aﾗヴ ﾏﾗヴデ;ヴ ﾃﾗｷﾐデゲ 322 
Material parameter Group-MA Group-MB 
normal stiffness 継津┸頂墜朕/(N/mm3) 5×105 5×105 
shear stiffness 継鎚┸頂墜朕/(N/mm3) 5×105 5×105 
normal strength 血痛┸頂墜朕/MPa 0.13 0.15 
shear strength 血鎚┸頂墜朕/MPa 0.75 0.55 
Model ĉfracture energy 罫捗┸頂墜朕ĉ /(mJ/mm2) 0.09 0.065 
ModelĊfracture energy 罫捗┸頂墜朕Ċ /(mJ/mm2) 1.126 0.91 
 323 
T;HﾉW ン MWIｴ;ﾐｷI;ﾉ ヮヴﾗヮWヴデｷWゲ ﾗa F‘P 324 
Property Value Notes 
Longitudinal modulus 継怠 (GPa) 96  obtained from property tests 
Transverse modulus 継態 (MPa) 8270 obtained from [43] 
shear modulus 罫怠態 (MPa) 5419 obtained from [44] 
Major Poisson's ratio 荒怠態 0.22 obtained from [45] 
Thickness in average 建(mm) 0.2 obtained from property tests 
 325 
Considering that the penalty stiffness and fracture energies of mortar joints are hard to measure 326 
directly, those parameters (in Table1) are determined by comparing the results of 327 
compressive/shear masonry strength between standard compression/shear tests and the 328 
corresponding ABAQUS models (as shown in Fig.6 and Fig.7, respectively). According to the Chinese 329 
Code, those masonry compress/shear standard test specimens were built to detect the 330 
compression/shear strength of masonry. As shown in Table 4 and Table 5, those sample ABAQUS 331 
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models can well reflect the compression and shear strength of the masonry standard 332 
compression/shear test specimens. 333 
   
ふヱぶ IﾗﾏヮヴWゲゲｷﾗﾐ デWゲデ ゲヮWIｷﾏWﾐ ふヲぶ ﾐ┌ﾏWヴｷI;ﾉ ﾏﾗSWﾉ ふヴｷｪｴデぎ ﾗﾐﾉ┞ ﾏﾗヴデ;ヴ ﾉ;┞Wヴゲ Sｷゲヮﾉ;┞WSぶ 
Figure 6. Standard compression test of masonry specimens 334 
   
ふヱぶ ゲｴW;ヴ デWゲデ ゲヮWIｷﾏWﾐ ふヲぶ ﾐ┌ﾏWヴｷI;ﾉ ﾏﾗSWﾉ ふヴｷｪｴデぎ ﾗﾐﾉ┞ ﾏﾗヴデ;ヴ ﾉ;┞Wヴゲ Sｷゲヮﾉ;┞WSぶ 
Figure 7. Standard shear test of masonry specimens 335 
 336 
 337 
T;HﾉW ヴく Cﾗﾏヮ;ヴｷゲﾗﾐ ﾗa ﾏ;ゲﾗﾐヴ┞ IﾗﾏヮヴWゲゲｷ┗W ゲデヴWﾐｪデｴ 338 
M;ゲﾗﾐヴ┞ ゲヮWIｷﾏWﾐ TWゲデ ヴWゲ┌ﾉデゲ N┌ﾏWヴｷI;ﾉ ヴWゲ┌ﾉデゲ DｷaaWヴWﾐIW 
Gヴﾗ┌ヮ-A ヲくヴヶ MP; ヲくヵヵ MP; ンくΑΑХ 
Gヴﾗ┌ヮ-B ヲくヵヶ MP; ヲくヶΓ MP; ヵくヲヴХ 
 339 
T;HﾉW 5. Cﾗﾏヮ;ヴｷゲﾗﾐ ﾗa ﾏ;ゲﾗﾐヴ┞ ゲｴW;ヴ ゲデヴWﾐｪデｴ 340 
M;ゲﾗﾐヴ┞ ゲヮWIｷﾏWﾐ TWゲデ ヴWゲ┌ﾉデゲ TWゲデ ヴWゲ┌ﾉデゲ DｷaaWヴWﾐIW 
Gヴﾗ┌ヮ-A ヰくヲΓ MPゲ ヰくヲΑ MP; ヶくヲンХ 




4.1 Convergence study 342 
4.1.1 Influence of mesh density 343 
The unreinforced model M2 is used as a benchmark for mesh sensitivity study. The units are meshed 344 
as 4×1×1, 4×2×1, 4×2×2, 8×2×2 and 8×4×2 (L×B×H), respectively. Those models were tested under 345 
cyclic and monotonic loadings, and a comparison of simulation results are depicted in Fig.8. Except 346 
for the case of 4×1×1 (the coarsest mesh size), the difference between cases is not significant and 347 
mainly occurred at the last loading cycle. It is illustrated that the numerical model in this paper is less 348 
sensitive when the mesh density along the width is larger than two. In order to save computer 349 
resource while still maintain the accuracy of the model, the mesh size (4×2×2) is adopted.  350 
  
ふ;ぶ ふHぶ 
Figure 8. Influence of mesh density in the unreinforced numerical model: (a) cyclic; (b) monotonic. 351 
4.1.2 Influence of penalty stiffness 352 
As referred in Section 2.3.1, the influence of penalty stiffness on cohesive elements was assessed. 353 
Take the unreinforced model M2 and the BFRP-unreinforced model MB2-1 as example and set the 354 
meshed size as 4×2×2 for each unit. The interface stiffness was factored by 0.1, 0.05 and 10 (i.e. 355 
5×104 N/mm3, 2.5×104 N/mm3 and 5×106 N/mm3), with the reference value of 5×105 N/mm3 (factor 356 
is 1.0). The simulation results are compared in Fig.9 and Fig.10. 357 
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Except for the case of the smallest penalty stiffness (2.5×104 N/mm3) under cyclic loadings, the 358 
unreinforced model is almost insensitive to penalty stiffness under cyclic and monotonic loadings, as 359 
shown in Fig.9. In Fig.10, for the BFRP-reinforced model, the influence of penalty stiffness is 360 
negligible in cyclic case and is small in the monotonic case. Overall, penalty stiffness does not play a 361 
significant role on both unreinforced and FRP-reinforced numerical models when models are under 362 
cyclic and monotonic loadings. Only the smallest penalty stiffness causes the deterioration of 363 
cohesive elements and a sudden loss of strength, so the value of penalty stiffness is recommended 364 
to be larger than 2.5×104 N/mm3. Accordingly, 5×105 N/mm3 is used for penalty stiffness. 365 
  
ふ;ぶ ふHぶ 






Figure 10. Influence of penalty stiffness in the BFRP-reinforced numerical model: (a) cyclic; (b) 368 
monotonic. 369 
4.2 Unreinforced FEM model 370 
4.2.1 Monotonic loading 371 
According to GB50003-2001[39], the shear strength of unreinforced masonry V待 is calculated by: 372 
撃待 噺 岫血塚 髪 糠航購待岻畦 (4-1) 
where the design value of shear strength for masonry (血塚), the modified coefficient (糠) and the 373 
influence coefficient under shear-compression load (航) are determined by GB50003-2001[39]; 購待 is 374 
the compressive loading, which equal to 0.72 MPa for Group-A and 1.2 MPa for Group-B; 畦 is the 375 
cross sectional area of a masonry wall.  376 
T;HﾉW ヶ C;ﾉI┌ﾉ;デWS ヴWゲ┌ﾉデゲ aﾗヴ ﾏﾗﾐﾗデﾗﾐｷI ﾉﾗ;Sｷﾐｪ 377 
Specimen 血旦 (MPa) ゎ航 ゎ態航態 考 撃待岫KN岻 撃通┸陳  (KN) 撃通┸捗 (KN) 撃通  (KN) 
W1 0.29 0.13 --  138.0 -- -- -- 
BW1-1 0.29 0.13 0.195 1.36 138.0 155.75 43.93 199.68 
W2 0.312 0.11 --  117.2 -- -- -- 
BW2-1 0.312 0.11 0.187 1.38 117.2 143.93 8.56 152.49 
The calculated and numerical results are shown in Table 6 and Fig.11, respectively. A good 378 
agreement between the calculated and simulation results can be observed, in terms of the shear 379 
strength. The shear strength of M1 is only 0.57% larger than that of W1; the error between M2 and 380 
W2 is 8.87%. in Fig.11, The colour of mortar layers are ranged from white to black, to represent 381 
damage evolution from intact to overall damaged degrees. It is found the crack patterns in 382 
numerical models are mainly caused by shear failure, similar to cracks observed in monotonic tests 383 
[3, 26]. Therefore, the unreinforced FEM models can accurately assess the peak strength of the 384 
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unreinforced masonry walls, and cracking patterns are successfully captured to reflect the 385 




Figure 11. Numerical results of unreinforced masonry walls under monotonic loading:  388 
(a) M1; (b) M2; (insert) cracking patterns. 389 
4.2.2 Cyclic loading 390 
In this section, the numerical results from the unreinforced model under cyclic loadings are verified 391 
by the experimental results, in terms of hysteresis loop, degradation of stiffness and cracking 392 
pattern. For the specimen W2, the experimental results, marked as ABC curve in Fig.12(b), are 393 
regarded as invalid. Because at that time, the specimen was severely damaged with large 394 
deformation, causing the reading of several LVDTs deviated to the extent that they are deemed as 395 
unreliable. Comparisons of the hysteresis loop between the experimental and numerical results are 396 
illustrated in Fig.12. A good agreement among hysteresis loop between the results of experiments 397 
and simulation can be observed. And the trend of stiffness degradation is similar between 398 
experimental and simulation results. For specimens W1 and W2, the loss of strength was relatively 399 
more significant than that of the numerical models (M1 and M2) after the peak strength is reached. 400 
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For the specimen W2, the positive peak strength and its corresponding displacement are 401 
distinctively different from the negative ones, as shown in Fig.12 (b). It indicates that even for one 402 
single wall, the mechanical properties of its two sides are not the same. The deviation is primarily 403 
caused by the heterogeneity of masonry materials and possibly workmanship as well. That is one of 404 
the reasons that the positive peak strength of the specimen W2 occurred much later than that of the 405 
model M2, but the negative peak strength of W2 and M2 were achieved at the same displacement. 406 
Another reason is the internal damage caused by hoisting and instalment of specimens during the 407 
preparation stage.  408 
  
(a) (b) 
Figure 12.Comparison of hysteresis loop: (a) W1 and M1; (b) W2 and M2; (insert) definition of 409 
ﾉﾗ;Sｷﾐｪ SｷヴWIデｷﾗﾐが さЩざ ｷゲ デｴW ヮﾗゲｷデｷ┗W ﾉﾗ;Sｷﾐｪ SｷヴWIデｷﾗﾐ ;ﾐS さにさ ｷゲ デｴW ﾐWｪ;デｷ┗W ﾉﾗ;Sｷﾐｪ SｷヴWIデｷﾗﾐく 410 
To investigate the cracking progression, the cracking patterns of W2 and M2 at the key loading 411 
stages are listed in Table 7. The left column (Table7 (1a)に(4a)) depicts the cracks on the specimen 412 
W2, while the right column (Table7 (1b)-(4b)) presents the simulation results of M2. For the 413 
specimen W2, the initial cracks were detected at the corners of the masonry wall when the lateral 414 
loading of 55KN was loaded (as shown in Table 7 (2a)). Afterwards, cracks progressed from the 415 
corners towards the centre, forming a diagonal cracking pattern. The specimen failed with 416 
brittleness after reaching the peak strength at 3.04mm displacement. At ultimate displacement of 417 
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3.71 mm, W2 fractured into four pieces and the maximum crack was up to 1-2 cm in width, as shown 418 
in Table 7 (4a). In the case of the numerical model M2, cracks initiate from corners and continued to 419 
develop to a diagonal pattern. Similar to experimental records, the diagonal cracks in numerical 420 
model extend in width during the cyclic loading, as shown in Table 7(4a)-(4b). Therefore, the 421 
unreinforced models proposed in this paper can accurately reflect the cyclic responses of the 422 
unreinforced masonry walls. 423 











































(4a)+ッ探=3.71mm (+P探=59.32KN) (4b)+ッ探=3.71mm (+P探=51.53KN) 
Note: ッ頂追, ッ捗 and ッ通 are the displacement at cracking initiation, peak state and ultimate limit state; P達嘆, P脱 and P探 are their  425 
corresponding strength. 426 
4.3 BFRP-reinforced FEM model 427 
4.3.1 Monotonic loading 428 
According to the Eurocode for masonry [46] and the Chinese code (GB50608-2010) [40], the shear 429 
capacity of the FRP-reinforced masonry is the sum of two parts, i.e., the shear capacity of the 430 
unreinforced masonry wall (撃通┸陳 ) plus the additional capacity provided directly by the FRP 431 
reinforcement (撃通┸捗): 432 
撃通 噺 撃通┸陳 髪 撃通┸捗  (4-2) 
 433 
As a result of the interaction between the FRP strips and the masonry, 撃通┸陳 is larger than the peak 434 
strength of the corresponding unreinforced masonry wall (撃待). According to the Chinese code 435 
[40], 撃通┸陳 herein is calculated by equation (4-3). The increase caused by the FRP-masonry interaction 436 
is basically expressed by the value of the modified coefficient and the influence coefficient under 437 
shear-compression load for the reinforced masonry walls (糠態 and 航態) and the influence coefficient of 438 
reinforcement 考.  439 




To date a number of codes define the formulae to obtain the contribution of FRP reinforcement. Eq. 441 
(4-4) from the Chinese standard  [40] is adopted to assess 撃通┸捗. Although studies [47] show that that 442 
the Chinese standard has a relatively higher deviation, it is a developed code that takes the 443 
reinforcement scheme into consideration.  444 
撃通┸捗 噺 ざ継捗綱捗鳥 布 畦捗沈津沈退怠 cos 肯沈 (4-4) 
 445 
where ざ is the efficient coefficient of FRP reinforcement, set as 1.0 for the single cross layout [40]. 継捗 446 
and 綱捗鳥 represents the elastic modulus and effective strain of FRP strips (equals to 綱捗勅 紘勅エ ). 綱捗勅  is the 447 
effective strain of FRP strips. Due to that the kind of FRP material do not have significant influence 448 
on the improvement of peak strength [47], 綱捗勅  can be a fixed value, with 0.001 for unanchored FRP 449 
strips and 0.0015 for anchored FRP strips [40]. 紘勅 accounts for the environmental influence; for the 450 
BFRP reinforcement indoor, 紘勅=1. 畦捗沈  account for the cross section area of masonry and FRP strips.  451 
The angle between the FRP reinforcement and courses, 肯, is 350 for BW1-1 and 420 for BW2-1. This 452 
confirms what has been reported in previous studies that different configurations of FRP 453 
reinforcement lead to different increase rates of masonry shear strength [3, 48]. Apart from the 454 
shear capacity obtained from cross reinforcement, the horizontal FRP strips can obviously enhance 455 
the shear capacity of masonry walls under monotonic loading, while far less contribution to the 456 
shear capacity is assumed for the vertical FRP strips without anchors [3]. Therefore, in this case, 撃通┸捗 457 
is the sum of the cross and horizontal reinforcement, as listed in Table 6. 458 
The numerical results,撃頂, are 227.87KN for BM2-1 and 134.12KN for BM2-2. The corresponding ratio 459 
of calculated and numerical results is 1.14 and 0.88, respectively. It indicates that the FRP-reinforced 460 
models are almost in accordance with the Chinese code within an acceptable deviation. Considering 461 
that many factors influence the accuracy of code calculation [47], the FRP-reinforced models in this 462 
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paper can effectively assess the peak strength of the FRP reinforced masonry walls under monotonic 463 
loadings. 464 
4.3.2 Cyclic loading 465 
The load-displacement envelope curves obtained by experiment and simulation are presented in 466 
Fig.13. It can be observed that the simulation and experimental results have a good agreement with 467 
each other. Fig.14 illustrates a similarity in cracking patterns between the BFRP-reinforced specimen 468 
BW2-1 and numerical model BM2-1. Meanwhile, similar shear cracks are observed for the specimen 469 
BW2-1 and the model BM2-1 within the unreinforced areas (Table 8 (4a) and (4b)), indicating that 470 
the developed numerical models for BFRP-reinforced masonry can effectively reproduce the damage 471 
progression in the FRP-reinforced masonry walls. 472 
For the experiment studies on the FRP-reinforced masonry, the cracks under FRP strips are very 473 
difficult to detect and monitor precisely. This drawback can be overcome by the FRP-reinforced 474 
numerical model. The cracks underneath FRP in BM2-2 are presented from Table 8 (2b) to Table 8 475 
(4b), where the damage progression under BFRP reinforcements is clearly captured. As shown in 476 
Table 8 (2a)-(2b), the initial cracks in BW2-1 are accurately reproduced in BM2-1, but more cracks 477 
emerge at the upper reinforced parts which are the undetected area in experiments. Furthermore, 478 
by removing the FRP strips in the display of the modelling results, the cracking pattern under FRP 479 
reinforcement can be revealed. Overall, the FRP-reinforced models can successfully reflect the 480 





Figure 13. Hysteresis loop of BFRP-reinforced masonry: (a) W1 and M1; (b) W2 and M2; (insert) 482 
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(2a) -ッ達嘆=1.06mm(-P達嘆=90.17KN) (2b) -ッ達嘆=1.06mm(-P達嘆=86.76KN) 
Peak strength state 
 










(4a) +ッ探=8.53mm(+P探=98.81KN) (4b) +ッ探=7.43 (+P探=90.24KN) 
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(1) PW;ﾆ ゲデヴWﾐｪデｴ ゲデ;デW (2) Uﾉデｷﾏ;デW ゲデ;デW 
Figure 15. Maximum principal stresses in FRP 498 
 499 
4.4 Assessment of FRP reinforcement 500 
Since the late 1990s, a large number of experimental studies have been carried out to assess the 501 
effectiveness of reinforcement [1-3]. With the help of numerical analysis, the reinforcing 502 
effectiveness can be assessed or predicted in a general and economic way. In this section, the effects 503 
of FRP reinforcement on masonry are analysed. 504 
Table 9 illustrates a comparison between the ductility factors obtained from experiments and 505 
simulations. The ductility factors are calculated according to Ref. [41]. Compared with the 506 
unreinforced specimen W2 and numerical model M2, the ductility and resistance to cyclic load are 507 
greatly improved for the BFRP-reinforced specimens BW2-1 and numerical models BM2-1 with 508 
similar amplitude. It indicates that the FRP reinforcement with cross layout and vertical anchors can 509 
effectively enhance the ductility of masonry walls and the numerical model can capture the 510 
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development of ductility accurately. As shown in Table 9, the horizontal anchors have minimal 511 
influence on the ductility capacity, although the FRP reinforcement with cross layout is adopted for 512 
masonry walls. It is worth noting that the horizontal FRP anchored at the base of the masonry wall 513 
causes high compressive stresses at the base corner. This indicates that the horizontal strips are hard 514 
to slow down the shear-sliding effectively, which shows good agreement with the conclusions in Ref. 515 
[49]. For the specimen BW1-1, the high compressive stresses causes the brittle fracture at ultimate, 516 
including brick crushing at the corners and the de-bonding between BFRP and masonry. However, 517 
the de-bonding behaviour is assumed to be neglected during simulations. That may be the reason 518 
why, the development of ductility for the specimen BW1-1 is less than the numerical model BM1-1. 519 
T;HﾉW Γ S┌Iデｷﾉｷデ┞ a;Iデﾗヴゲ aﾗヴ デｴW W┝ヮWヴｷﾏWﾐデ ゲヮWIｷﾏWﾐゲ ;ﾐS ﾐ┌ﾏWヴｷI;ﾉ ﾏﾗSWﾉゲ 520 
Specimen 鶏捗 (KN) 茎通 (KN) 穴勅 (mm) 穴通 (mm) 航通 ッ 岫ガ岻 
Experiment        
Group-A 
W1 130.34 117.31 0.28 3.5 12.68  
BW1-1 168.14 151.33 0.49 6.7 13.75 8.42 
Group-B 
W2 83.05 74.75 0.52 3.71 7.12  
BW2-1 117.63 105.87 0.71 8.53 11.99 68.32 
Simulation        
Group-MA 
M1 111.55 100.39 1.06 3.5 3.32  
BM1-1 191.48 172.332 1.656 6.7 4.045 21.95 
Group-MB 
M2 86.87 78.19 1.05 3.71 3.54  
BM2-1 114.54 103.09 1.31 7.43 5.66 59.96 
Note: 穴勅  is the displacement at the idealised elastic limit; 穴通 is the maximum displacement for the idealised force-521 
displacement relationship for masonry; 航通  is the ductility factor;  ッ is the improvement between unreinforced and 522 
reinforced masonry walls. 523 
For the unreinforced specimen W2, the cracking pattern was typically diagonal, while the shear 524 
cracks in the BFRP-reinforced specimen BW2-1 were found in every unreinforced part. Besides, the 525 
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lower part of BW2-1 was seriously damaged, but almost no crack was recorded at that part of W2. 526 
The experimental observation illustrates that the FRP reinforcement develops the attribution of 527 
cracks much more evenly, indicating that the BFRP reinforcement brings changes in the cracking 528 
pattern. Similar changes in cracking pattern are also observed in the numerical results of the 529 
unreinforced and FRP-reinforced models, M2 and BM2-1, (Table 7 and Table 8). In addition, in Table 530 
8(4b), the BM2-1 has a wider diagonal cracking pattern than M2 and additional shear cracks are 531 
observed in the unreinforced zones. Therefore, the developed models can reflect and assess the 532 
effectiveness of FRP reinforcement on the masonry walls before and after reinforcement in terms of 533 
cracking pattern.  534 
5. Conclusions 535 
This paper describes a new development in modelling the behaviour of the unreinforced and FRP-536 
reinforced masonry walls under monotonic and cyclic loading conditions. In the developed meso-537 
scale models, the element-based cohesive element is adopted to simulate mortar joints. Simulations 538 
were conducted to evaluate the accuracy and effectiveness of the developed models under both 539 
monotonic and cyclic loadings. The numerical results are analysed and compared with code and 540 
experimental results. The conclusions are summarised as following: 541 
(1) TｴW ┌ﾐヴWｷﾐaﾗヴIWS ﾏ;ゲﾗﾐヴ┞ ゲヮWIｷﾏWﾐゲ ;ヴW WaaWIデｷ┗Wﾉ┞ ゲｷﾏ┌ﾉ;デWS H┞ デｴW SW┗WﾉﾗヮWS ﾏﾗSWﾉゲく 542 
TｴW Iヴ;Iﾆｷﾐｪ ｷﾐｷデｷ;デｷﾗﾐ デ;ﾆWゲ ヮﾉ;IW ;デ デｴW ゲ;ﾏW デｷﾏW ;ﾐS ヮﾗゲｷデｷﾗﾐゲき デｴW ゲｷﾏｷﾉ;ヴ Sｷ;ｪﾗﾐ;ﾉ 543 
Iヴ;Iﾆｷﾐｪ ヮ;デデWヴﾐ ｷゲ ;ﾉゲﾗ ﾗHゲWヴ┗WSく Cﾗﾏヮ;ヴWS ┘ｷデｴ W┝ヮWヴｷﾏWﾐデ;ﾉ ﾗHゲWヴ┗;デｷﾗﾐゲが デｴW Iヴ;Iﾆゲ ｷﾐ 544 
ゲｷﾏ┌ﾉ;デｷﾗﾐ ヴWゲ┌ﾉデゲ ;ヴW ヴWﾉ;デｷ┗Wﾉ┞ ┘ｷSWヴ ;ﾐS W┗Wﾐﾉ┞ SｷゲデヴｷH┌デWSく  545 
(2) TｴW F‘P-ヴWｷﾐaﾗヴIWS ﾏ;ゲﾗﾐヴ┞ ﾏﾗSWﾉゲ ;ﾉゲﾗ ヮヴﾗS┌IWS ゲｷﾏｷﾉ;ヴ Iヴ;Iﾆｷﾐｪ ヮ;デデWヴﾐゲ ﾗHゲWヴ┗WS ｷﾐ デｴW 546 
F‘P-ヴWｷﾐaﾗヴIWS ﾏ;ゲﾗﾐヴ┞ W┝ヮWヴｷﾏWﾐデゲく BWゲｷSWゲが デｴW Iヴ;Iﾆゲ ┌ﾐSWヴ ヴWｷﾐaﾗヴIWﾏWﾐデ I;ﾐ HW IﾉW;ヴﾉ┞ 547 
Sｷゲヮﾉ;┞WS H┞ ヴWﾏﾗ┗ｷﾐｪ デｴW ヴWｷﾐaﾗヴIWﾏWﾐデ ｷﾐ デｴW Sｷゲヮﾉ;┞ ﾗa デｴW ゲｷﾏ┌ﾉ;デｷﾗﾐ ヴWゲ┌ﾉデゲが H┌デ I;ﾐﾐﾗデ 548 
HW ﾗHゲWヴ┗WS SｷヴWIデﾉ┞ ｷﾐ デｴW ﾉ;H デWゲデゲく TｴW SW┗WﾉﾗヮWS ﾏﾗSWﾉゲ I;ﾐ ヮヴﾗ┗ｷSW ﾏﾗヴW ｷﾐゲｷｪｴデゲ ﾗa デｴW 549 
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HWｴ;┗ｷﾗ┌ヴ ﾗa F‘P-ヴWｷﾐaﾗヴIWS ﾏ;ゲﾗﾐヴ┞ ┘;ﾉﾉゲ デｴ;ﾐ W┝ヮWヴｷﾏWﾐデ;ﾉ ゲデ┌SｷWゲく 550 
(3) UﾐSWヴ I┞IﾉｷI ﾉﾗ;Sｷﾐｪゲが デｴW ゲWｷゲﾏｷI HWｴ;┗ｷﾗ┌ヴゲ ﾗa デｴW ﾏ;ゲﾗﾐヴ┞ HWaﾗヴW ;ﾐS ;aデWヴ ヴWｷﾐaﾗヴIWﾏWﾐデ 551 
;ヴW WaaWIデｷ┗Wﾉ┞ ゲｷﾏ┌ﾉ;デWS H┞ デｴW SW┗WﾉﾗヮWS ﾏﾗSWﾉゲく Cﾗﾏヮ;ヴｷゲﾗﾐ HWデ┘WWﾐ デｴW W┝ヮWヴｷﾏWﾐデ;ﾉ 552 
;ﾐS ﾐ┌ﾏWヴｷI;ﾉ ヴWゲ┌ﾉデゲ ゲｴﾗ┘ゲ ; IﾉﾗゲW ;ｪヴWWﾏWﾐデ ﾗa ゲデｷaaﾐWゲゲ SWｪヴ;S;デｷﾗﾐ ;ﾐS ヮW;ﾆ ゲデヴWﾐｪデｴく 553 
B;ゲWS ﾗﾐ デｴW ヴWﾉ;デWS IﾗSWゲが デｴW I;ﾉI┌ﾉ;デWS ヴWゲ┌ﾉデゲ ﾗa ﾏ;ゲﾗﾐヴ┞ ┘;ﾉﾉゲ ;ヴW ;SﾗヮデWS デﾗ ┗;ﾉｷS;デW 554 
デｴW ﾏﾗﾐﾗデﾗﾐｷI ゲｷﾏ┌ﾉ;デｷﾗﾐく TｴW ゲｷﾏ┌ﾉ;デｷﾗﾐゲ ﾏ;デIｴ デｴW I;ﾉI┌ﾉ;デWS ヴWゲ┌ﾉデゲ ;II┌ヴ;デWﾉ┞く  555 
(4) TｴW ┌ﾐヴWｷﾐaﾗヴIWS ﾏ;ゲﾗﾐヴ┞ ﾏﾗSWﾉゲ ゲ┌IIWゲゲa┌ﾉﾉ┞ I;ヮデ┌ヴW デｴW aW;デ┌ヴW ﾗa HヴｷデデﾉWﾐWゲゲ aﾗヴ デｴW 556 
┌ﾐヴWｷﾐaﾗヴIWS ﾏ;ゲﾗﾐヴ┞ ┘;ﾉﾉゲく AaデWヴ ｷﾐゲデ;ﾉﾉｷﾐｪ ┘ｷデｴ F‘P ゲデヴｷヮゲが デｴW ヴWｷﾐaﾗヴIWS ﾏ;ゲﾗﾐヴ┞ ﾏﾗSWﾉゲ 557 
ｷﾏヮヴﾗ┗W デｴW S┌Iデｷﾉｷデ┞ ;ゲ ┘Wﾉﾉ ;ゲ デｴW ゲWｷゲﾏｷI ヴWゲｷゲデ;ﾐIW ﾗa デｴW ┘;ﾉﾉく B┞ Iﾗﾏヮ;ヴｷﾐｪ ┘ｷデｴ デｴW 558 
W┝ヮWヴｷﾏWﾐデ;ﾉ ヴWゲ┌ﾉデゲが デｴW ﾐ┌ﾏWヴｷI;ﾉ ゲｷﾏ┌ﾉ;デｷﾗﾐ ｷゲ ┗WヴｷaｷWS デﾗ ｴ;┗W デｴW I;ヮ;Iｷデ┞ デﾗ ;ゲゲWゲゲ デｴW 559 
WaaWIデ ﾗa F‘P ヴWｷﾐaﾗヴIWﾏWﾐデく  TｴWヴWaﾗヴWが デｴW SW┗WﾉﾗヮWS ﾏﾗSWﾉゲ ;ヴW ;ヮヮﾉｷI;HﾉW デﾗ ヮヴWSｷIデ デｴW 560 
ヴWｷﾐaﾗヴIWﾏWﾐデ WaaWIデゲく 561 
(5) Wｷデｴ デｴW H┌ｷﾉデ-ｷﾐ Iﾗﾐゲデｷデ┌デｷ┗W ﾏ;デWヴｷ;ﾉ ﾏﾗSWﾉ ｷﾐ ABAQU“が デｴW WﾉWﾏWﾐデ-H;ゲWS IﾗｴWゲｷ┗W 562 
WﾉWﾏWﾐデ I;ﾐ WaaWIデｷ┗Wﾉ┞ ヴWaﾉWIデ デｴW S;ﾏ;ｪW ヮヴﾗｪヴWゲゲｷﾗﾐ ;ﾐS デｴW ﾐﾗﾐﾉｷﾐW;ヴ HWｴ;┗ｷﾗ┌ヴ ﾗa ;デ 563 
ﾏﾗヴデ;ヴ ﾃﾗｷﾐデゲく  564 
(6) TｴW Iﾗﾐ┗WヴｪWﾐIW ゲデ┌SｷWゲ ﾗﾐ ﾏWゲｴ SWﾐゲｷデ┞ ;ﾐS ヮWﾐ;ﾉデ┞ ゲデｷaaﾐWゲゲ ｷﾐSｷI;デW デｴ;デ デｴW ヮヴﾗヮﾗゲWS 565 
ﾏﾗSWﾉゲ ;ヴW ﾏﾗSWヴ;デWﾉ┞ ゲWﾐゲｷデｷ┗W ┌ﾐSWヴ ﾏﾗﾐﾗデﾗﾐｷI ;ﾐS I┞IﾉｷI ﾉﾗ;Sｷﾐｪゲく Tｴ┌ゲが デｴW ﾐ┌ﾏWヴｷI;ﾉ 566 
ﾏﾗSWﾉゲ ┘ｷデｴ IﾗｴWゲｷ┗W WﾉWﾏWﾐデゲ ;ヴW ;HﾉW デﾗ ﾗ┗WヴIﾗﾏW デｴW Iﾗﾐ┗WヴｪWﾐIW ;ﾐS ゲデ;Hｷﾉｷデ┞ ヮヴﾗHﾉWﾏく 567 
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